We examine two-spin (2S) and cyclic four-spin (4S) magnetic interactions in insulating ladder and two-dimensional (2D) cuprates. By a comparison of eigenstates between d-p and Heisenberg models, we evaluate magnitudes of these interactions. We find that the 4S interaction is ∼10 % of nearest neighboring 2S interaction, and a diagonal 2S interaction is considerably small. The 4S interaction for a ladder cuprate is larger than that for 2D one, and plays an important role in the low-energy excitation. The Heisenberg ladder with the obtained 2S and 4S interactions reproduces very well the experimental result of the temperature dependence of the magnetic susceptibility.
ones (T pp ) are considerably influenced by Madelung potentials around Cu-O and O-O bonds. As a result, J depends on the crystal structure through the modification of T pd and T pp due to the Madelung potential. By taking into account these effects, we have clarified the microscopic origin of the characteristics of (i) and (ii).
Very recently, an inelastic neutron experiment for the two-leg ladder cuprate SrCu 2 O 3 has been performed in the wide range of the excitation energy. 2 By comparing the observed dispersion of spin excitation with the theoretical one, it has been shown that J along leg direction is larger that along rung one, and in addition a four-spin (4S) interaction (∼0.005 eV) is necessary to explain the experiment. Here, the 4S interaction is given by the cyclic permutation on four Cu spins forming a plaquette (see Fig. 1(a-2) ). This result indicates importance of not only usual two-spin (2S) interactions but also 4S interaction among Cu spins in a plaquette. Therefore, it is necessary to establish a proper magnetic description for undoped cuprates. This will also yield an appropriate understanding of magnetic properties in high-T c cuprates.
So far, some theoretical studies on the 4S interaction have been done, but they are only for 2D cuprates. 3, 4 In this paper, focusing on insulating ladder and 2D cuprates, we investigate possible magnetic interactions including 4S one in the systems. By associating a d-p model with an effective Heisenberg model, we evaluate magnitudes of these magnetic interactions. The effect of 4S interaction on the magnetic properties is examined through the magnetic susceptibility, and is shown to lead to a dramatic change in the low-energy excitation for ladder cuprates.
As a starting model for a ladder cuprate, we consider a d-p model as shown in Fig. 1(a-1) , where three and two Cu3d x 2 −y 2 orbitals are arranged along leg (x) and rung (y) directions, respectively, and O2p σ orbitals (σ = x, y) form the CuO 4 tetragons (Cu 6 O 17 cluster). In the model, open boundary condition is imposed. The Hamiltonian to describe the model is expressed by T pd and T pp , the energy-level separation between Cu3d and O2p orbitals (∆) and Coulomb interactions such as on-site Coulomb interactions at Cu site (U d ) and O one (U p ).
An effective model to describe the low-energy excitation of the d-p model can be given as a S=1/2 Heisenberg model with 2S interactions along leg (J leg ), rung (J rung ) and diagonal (J diag ) and cyclic 4S interaction (J cyc ) as shown in Fig. 1(a-2) . The spin Hamiltonian is written by where S i is a spin operator at i site, andx (ŷ) is a unit vector along x (y) directions. Here, J cyc is defined as a coefficient of 4S cyclic permutation operators P ijkl and P −1 ijkl , which can be rewritten by using the 2S and 4S interactions as
We calculate the eigenstates and eigenvalues for the d-p model by numerically diagonalization method. For the ladder cuprate, SrCu 2 O 3 , T pd 's are 1.08, 1.22 and 1.25 eV for leg, rung and interladder directions, respectively. ∆=2.6 eV, U d =8.5 eV, U p =4.1 eV and the direct exchange interaction between Cu3d and O2p orbitals (K pd ) is 0.05 eV. T pp 's are 0.52 eV and 0.42 eV for solid and dotted bonds in Fig. 1(a) (1) 0.000(0) 0.0108(8) 0.165(5) 0.15(0) 0.001(1) The results are summarized in Table 1 . The results for a 2D cuprate are comparable with those by Schmidt et al.. 4 J cyc is ∼7 % of the 2S NN interaction J NN , and J diag is zero. J NN is ∼ 0.15 eV, similar to our previous study. 1 As for a ladder cuprate, we find that J leg > J rung in both Cu 4 O 12 and Cu 6 O 17 clusters, which is again consistent with our previous study. 1 The anisotropy is caused by the enhancement of interladder T pp denoted by solid line in Fig. 1(a-1) . In addition, the enhancement enlarges the value of J cyc for a ladder cuprate as compared with that for a 2D cuprate, and its magnitude is ∼10 % of J leg . J diag is almost zero. The energy levels of the Heisenberg model are shown in Fig. 1 (b) together with those for the d-p model, where all the eigenvalues E i (i=0∼6) of the Heisenberg model is shifted so that the energy of ground state E 0 is equal to that of the d-p model. We can see a good agreement of the energy levels and eigenstates between both models. In order to check validity of the obtained interactions, we have also performed calculations for a d-p model with periodic boundary condition (Cu 6 O 15 cluster) and the corresponding periodic Heisenberg model. We confirmed that the Heisenberg model with the interactions in Table 1 reproduces very well the distribution of the eigenstates for the periodic d-p model. By using the magnetic interactions obtained, we examine the temperature dependence of the magnetic susceptibility χ(T ). The exact diagonalization method is used to get the χ(T )'s for Heisenberg ladders with 2×4, 2×6 and 2×8 sites. The results are shown in Fig. 3 for the parameters of J leg =0.19 eV, J rung =0.15 eV, J diag =0.003 eV and J cyc =0.0175 eV and of the same values but J cyc =0 eV. In the inset, χ(T )'s at wider range of temperature are shown. The effects of J cyc on χ(T ) are (i) to enhance the magnitude of χ(T ) at low temperatures and (ii) to shift a hump structure (∼2000 K) in the lower temperature region. This suggests the decrease of an energy gap between the singlet and triplet states (spin gap). The decrease of the spin gap due to J cyc is also observed in the dynamical spin correlation function. 5 The reason for the decrease is that J cyc disturbs the singlet states on rungs as magnetic frustration, consequently making J rung effectively decreased. We find that by considering J cyc , χ(T ) is in agreement with the experimental χ(T ) for SrCu 2 O 3 . 6 Thus, it is interesting that J cyc strongly influences the low-energy excitation above the spin gap. This is in contrast to 2D cuprates, where J cyc only modifies the values of 2S interactions. Further study on the effect of J cyc on other physical quantities is necessary for a quantitative investigation between theory and experiment.
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